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Section 6.2 Objective

* Be able to determine the natural and step responses of
series RLC circuits.
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Equations for Analysing the Natural Response of Parallel RLC Circuits

1 1
Characteristic equation Pt —s+—==0
) 1 RC” " LC
. . 1 1
Neper, resonant, and damped frequencies — a = SRC W=\ @= Vi — o
Roots of the characteristic equation si=-a+Val-—wf s=-a-Va® -}
o® > w}:overdamped (1) = At + Ay t = 0

(0 =A+ A=V,

dv(0F) 1 (—Vo )
=514 + 54, = — — [

di mmme T e\r

@ < wj:underdamped v(t) = Bie ™ cos wyt + Bre ™ sinwyt, t = 0

v(0) = By =V,

dv(0 1 /—-V,
@ _ —aB, + wB, = 7< 8_ 1[,>

dt C\ R
o® = wj: critically damped o(t) = Dyte™ + Dye™ t = 0
v(0h) =D, =V,

dv(0%) 1 [-V,
i =D ab=g ()

(Note that the equations in the last three rows assume that the reference direction for the current in every
component is in the direction of the reference voltage drop across that component.)
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Source - Free Series RLC Circuit

—
+ VR(t) -
- R +
C——vc(t) vi(tyy L
+ -

Vet+Vv, +v. =0

i(t)R+Ldl(t)+ j ()dt =0
/ dzi(zt) dz(t) (t) 0
dr di

Comparing Series and Parallel RLC Circuits

. 2 2
S, =—ata’ -

Parallel RLC Series RLC
dzv(t) 1 dv([) 2;

C )=0 d-i(t dz t
0= | 04 R i) =0
W(t) =A™ + Ae™ i(t)=Ae" + 4,e™

1 1Y 1 2
A ( j R [(RY_ 1
’ 2RC 2RC LC Y 2L LC

i 2 2
S, =—atya -
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Series RLC Circuit Solution

_ 1 R
@= )i a=2r

If:

o > o, (overdamped):

o = o (critically damped):

o < ®y (underdamped):

i(f) = Ae" + Ae™
i(t)y=e (At +4,)

i(t) = e (B, cos(w,t)+ B, sin(w,?))

Equations for Analysing the Natural Response of Series RLC Circuits

Characteristic equation

Neper, resonant, and
damped frequencies

Roots of the characteristic
equation

o’ > w}: overdamped

o’ < w}:underdamped

a” = wj: critically damped

> RO 1 _
s+Ls LC_O

R [1 o
ax = o w; = Voj — a”

2. " NIC

\/ﬁ \/,—‘
1= —a+ Va™ —wj, $H=—a— a” — wj

i(f) = Aje™ + At = 0
i(07) = Ay + 4, = I,

di(07) 1
dt =54 + A, = T (=R, - V)
i(f) = Bie “cos wgt + Bre “sinwyt, t=0
i(0%) = B, = I,
di(0%) 1
a —aB) + 0B, = z(“Rln -)
i(ty = Dite™ + Dye ™, t=0
i(0%) = D, = I,
i) =D, —aD, = 1 (—=RI, — V)
dt L

(Note that the equations in the last three rows assume that the reference direction for the current
in every component is in the direction of the reference voltage drop across that component.)
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Equations for Analysing the Step Response of Series RLC Circuits

Characteristic equation 1V
aracteristic equatio ; =—
! LC ~ LC
Neper, resonant, and [ <
damped frequencies “o Lc v wo T a
Roots of the characteristic o K = S
51 = —a + a® — wh, S = —a— a” — wj

equation

ve(t) = Vi + Aje™ + Abe™ 1= 0
ve(0%) = Vi + Af + As =V,

dv(0* I/
—i:’ ) = 51A] + A5 = 9

2
5 : overdamped

ve(t) = Vi + Ble ™ cos wyt + Bhe ™ sin wgt, t = 0

00N =Vi+ BY =V,

:underdamped

dvc(0* I
DY) By + oy =2
dt °
o® = w§: critically ve(t) = Vi + Dite™ + Dhe ™t = 0
damped ve(0Y) = Vi + DY =V,
dv(0) ) , Iy
- Pimaebi=¢

(Note that the equations in the last three rows assume that the reference direction for the current
in every component is in the direction of the reference voltage drop across that component.)

Zybooks Response Summary

Series RLC Parallel RLC

Input: de Input: de [~
circuit 4+ circuit
with switch G l ve with switch R

action
@t=0

action
@t=0

—o—1

Total Response ‘Total Response

Overdamped (a > @) Overdamped (a > wp)

ve(r) = Aje™' + Az’ + uc(o0) iL(0) = A1 + Aze®’ +ip.(c0)

¢ ic(0) = s2[ve(0) — ve(o0)]
S -5
[Z', ic(0) — s1[vc(0) — Ur(oc)l]

52— 81

+ vL©0) — 520iL(©0) — iL(0)]
s1—%2

e [1" uL(0) — q[i._m)—iuacrl]

A= A=

Ay= 9

52— 51

Critically Damped (@ = wy) Critically Damped (@ = wy)

ve(t) = (By + Bat)e ™' + ve(o0) iL(t) = (By + Bane ™™ + iy (00)

=

B = vc(0) — ve(o0) 1 = iL(0) — iL(00)

By = ¢ ic(0) + aluc(0) — ve(o0)]

By =} vL(0) +aliL(0) — iL(c0)]

Underdamped (a < wy)
ve(t) = e~ (Dy cos wgt + D3 sinwgt) + ve(00)
Dy = ve(0) — ve(o0)

& ic(0) + aluc(0) — uc(o0)]

g

Underdamped (a < wg)

iL(t) = e~ (D) cos wyt + D3 sinwgt) + iL(00)
Dy = iL(0) — iL(c0)

_ 1 v +aliL(0) — iL()]

g

Dy

3L Series RLC

Parallel RLC

51 =—a+,/a? -}

Auxiliary Relations

1
W) = ——
2 ic

5 >
wg =/wj —a*
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Textbook Problem 8.50 (Nilsson 11th)

The circuit contains no initial energy. Find v,(t) for t > 0.

['u([) ;: 16 /.LF

Vo(t) = 16 - 16 *"%cos300t — 21.33e *"%sin300t V

Zybooks Participation Exercise 6.5.3
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Summary: Solving RLC Circuits

1. Identify the series or parallel RLC circuit;
2. Find o and oy;
3. Determine whether the circuit is overdamped, critically

damped, or underdamped,;
4. Assume a solution (natural response + forced response):

Ae" + A, e™ + Vf Overdamped
Ate" + A e’ + V,  Critically damped

e “(B,cosm,t+B,sinw,t)+V, Underdamped

5. Find 4, B, and V;using initial and final conditions.

Equations for Analysing the Natural Response of Parallel RLC Circuits

- .. ~ . 2 ! . —

Characteristic equation 57+ ﬁ\ + I 0

Neper, resonant, and damped frequencies a= Lﬁ wy = Lﬁ Wy = m
2RC LC :

Roots of the characteristic equation si=—a+Va®—wd s=-a-— \/m

> wy: overdamped v(t) = A’ + Ay t = 0

w0 =A + A=V,

dv(0* -V
o) _ 51A; + 5,4, = L( 0 10>

dt C\ R
@2 < (g(:’ : un(]c]‘(lmnpcd v(t) = BI(r"[ cos wyl + Blt’ﬂ" sinwyt, t = 0
v(07) =B =V,
dv(0%) 1 (—Vu )
= —aB; + L, = ——— —
di aby + 0By =G\~ 1o
o® = wj: critically damped v(t) = Dyte™ + Dye ™ t = 0
v(0Y) =D, =V,
dv(0%) 1 (—VO )
=D —aD, = —(—"-
@~ Dimab=(g h

(Note that the equations in the last three rows assume that the reference direction for the current in every
component is in the direction of the reference voltage drop across that component.)
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Equations for Analysing the Step Response of Parallel RLC Circuits

2 1 1 1
Characteristic equation 57+ rCS + c-Ic
1 1 o B
Neper, resonant, and damped frequencies @ = JRC = ANTc @9~ wp — o

Roots of the characteristic equation

2 2 2 2
s = —a+ a” —w; 5= —a— Va~ — wj

a? > w}: overdamped if(t) = If + Ae™ + Ase™, 1=0
if(0) =1l + Ay + Ay =
di (0%) v,
= GA] + Ay =
dt $1441 T 5242 L
o < w}:underdamped i(t) = I; + Bie ™™ cos oyt + Bhe ™ sinwg. =0
iL(')+) =L+ B =1
di; (0%) , Y
—g = TeBitwBy=—1
o = a)[z,:crilically damped in(ty = It + Dite™ + D4 ™, t=0
(0 =1+ Dy =1,
dip (0%) Ve
- =D} —aD)=—
dt 1T a2 L

(Note that the equations in the last three rows assume that the reference direction for the current in every component
is in the direction of the reference voltage drop across that component.)

Section 6.2 Summary

* Showed how to determine the natural and step responses
of series RLC circuits.
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